Further Quantum Mechanics: Problem Set 3.

Trinity term weeks 1-3

. A particle with mass m, charge ¢ and momentum p moves in a magnetic field described by the vector
potential A. The Hamiltonian is

i
H=—-(p—qA)2-

The wavefunction (r,t) satisfies the tlm&WMdenger equation with this Hamiltonian, and the
probability density p = [1(r, t)|? obeys the continuity equation
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Show from the time-dependent Schrodinger equation that
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The particle moves in the z-y plane with a uniform magnetic field in the z-direction, represented by

@

A= g(—y,z, 0). -

Show that the function g
o(z,y) = exp(—[z* + v°|/463)

is an eigenfunction for a suitably chosen value for fg. Find this value of /g and the energy. Evaluate j for this
state. Discuss the physical significance of your results.

Qu 2. The Hamiltonian for a hydrogen atom in a uniform magnetic field with flux density B along z is

approximately
pproximately SR 0 G IS ]
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where hL. and (h/2)o. are operators representing respectlvely the z-components of the orbital and spin angular
momentum of the electron. ik L’, &

‘ ",_,.'{-Discus .ho_w the terms involving B arise. What is the justification for omittmg a term in B*?
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,£ quantum&numbers label elgensta.tes of this Hamiltonian?
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Draw a diagram s ““’fi’?r‘ %nergw of a representative selection of these eigenstates as a function of magnetic
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UM? levels that may each be occupied by a single particle. These
om of t 1(» amcle — both orbital and (if relevant) spin. These levels
on-interacting a.tt.lcles How many distinct states are there for the

’
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Qu 4. Consider two identical, non-interacting particles, each of mass m, with coordinates z1, z2. They are
confined to a box of length L, so that 0 < 1,22 < L.

Suppose the particles are identical spin-zero bosons. What is the wavefunction U(z1,z2) if the system is in an
eigenstate with total energy: (i) h2r2/mL?, or (ii) 5h*n?/2mL?*?

Suppose alternatively that the particles are identical spin-half fermions: for tht? same values of total energy
write down a complete set of possible wavefunctions, as products of space and spin factors. 0
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Qu 5. He: ionisation energy. The ionization energy is the energy required to remov.e one electron from an
atom or ion in its ground state, leaving it in the ground state of the next higher ionization stage. (The energy
is often quoted in eV and referred to as an ionization potential.) : _
If we make the (poor) approximation of ignoring the electron-electron repulsion altogether, what value (in eV) is
obtained for the ionization potential of the ground state in helium? How much additional energy would then be
required to remove the second electron? Assuming these estimates have been made as accurately as rea:sonably
possible within their respective assumptions, state the degree of accuracy of each of these two results (i.e. how
close they may be expected to be to the true first and second ionization energies for helium.)

To do better, use the variational method. Using hydrogen-like wavefunctions for both electrons: ;5 =
V.23 |mad exp(—2Zr/ag), show that
1 27
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Using also (p} +p3) = 222h%/(a3) and (1/ry5) = 5Z/(8ao), show that the mean energy as a function of an
effective nuclear charge Z is

E(Z) = —2Eg (4Z — 2*> - 5Z/8) .

Complete the variational procedure, and hence obtain an upper limit for the ground state energy, and a lower
limit for the ionization energy of helium.

Qu 6. Two of the energy levels in Helium have the standard notation 1s2sSy and 1s2s535;. Explain every
part of this notation. The difference in the notation for the two levels stresses a difference in the spin part of

‘the wavefunction, but the spatial part is also different: what is the important distinguishing feature between
‘the two spatial wavefunctions?
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