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SECOND PUBLIC EXAMINATION
Honour School of Physics Part A: 3 and 4 Year Courses

Honour School of Physics and Philosophy Part A

A3: QUANTUM PHYSICS

TRINITY TERM 2015

Friday, 19 June, 9.30 am — 12.30 pm

Answer all of Section A and three questions from Section B.

For Section A start the answer to each question on a fresh page.
For Section B start the answer to each question in @ fresh book.

A list of physical constants and conversion factors accompanies this paper.
The numbers in the margin indicate the weight that the Ezaminers ezpect to

assign to each part of the question.

Do NOT turn over until told that you may do so.




Section A

1. The Hamiltonian for a 1D harmonic oscillator is

where all symbols have their usual meaning. What are its eigenvalues? 3]

The Hamiltonian of a 2D anisotropic harmonic oscillator has the form

A ) 2
HZD 2l Pz mpy e e 5 [5:2_*_4172]

Give a general expression for the energy eigenvalues of Hyp. What is the energy and
degeneracy of the second excited state? 5]

2. A quantum mechanical particle is in a state with wave function \

Y(z) = (z|¥) = {\/;‘%exp (—kz/h) ifz>0
0

fx<0

where £ > 0. What is the probability density for a momentum measurement to give a
value equal to ¢? You may use that
J[ 7{7 S ﬁ?

= |dp LRI 1

Jp}\x S )u.[l,u]) R,
[,*‘3 Consider a spin-1/2 system with Hamiltonian H = ws,, where w 1§ a constant.
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':.where p is the momentum.
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4. Two identical non-interacting spin-1/2 particles occupy the same one-dimensional
simple harmonic oscillator potential. The single-particle wave functions for the ground

state and the first excited state are ¥g(z) and te(z), respectively, where z is measured
along the one dimension. Give expressions for the full wave functions (including the

spin part) of the ground and all possible first excited states of the two-particle system.
What are the associated total (spin) angular momenta? [6]

- 5. Without detailed calculations draw the wave function Win¢(z) for the third lowest
‘energy eigenstate of an infinite square well along the z axis. (3]

»A pa.rtlcle is confined in the 1D potential V(z) shown below. Without detailed
3?' ns, sketch the wave function ¥(z) of the third lowest energy eigenstate (with
energy E3 ndlcat.ed by the dashed line). Mark the positions A, B, C on your sketch.
Explain the qualitative features of the wave function in the various regions. You may

um! t use mul x?‘) ta.ke \I’mf as a starting point of your considerations. 5]
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\ Section B

n, using n as the principal

6. (a) Give an expression for the energy levels of hydroge
@ 4 3 ) how these levels would

quantum number. Estimate (ten percent accuracy is sufficient
change if the electron were exchanged for a muon.

(b) Given the radial Schrédinger equation for a hydrogen-like atom,

B2 d [ ,dRne(r) Ze?  h2((+1) )
=i e = — K Rnelr) = U
2mr? dr (r dr ) i ( dmegr T nt | Bndlr)

[5]

where all symbols have their usual meaning, show that for very small values of 7

Rau(r) = cner® ,

where ¢, ¢ are constants. [5] .‘)

(c) Consider now an atom with a nucleus of charge Z and a single electron. We want
to model the nucleus as a sphere of radius R, inside which the protons are uniformly
distributed. This can be treated as a perturbation of the usual Hamiltonian for hydrogen

by the potential

VA 2 R2_r2 R .
SV (r) = {_41r:0_R (1+ 9R? _'1'-') ifr<R |
0 1T R

) | Without detailed calculation, give a brief summary of the steps required to determine
2l | the form of 6V ().
. Using first order perturbation theory, calculate the effect of the finite size of the
nucleus on the energy levels of the electron with quantum number £ = 0. Assume that
" R is very small compared to the Bohr radius, and approximate the radial wave functions
. accordingly. Discuss the result as a function of n. Why is the energy shift for levels
- with £# 0 very small? [10]
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7. A particle is moving in three dimensions in the presence of an attractive potential.

Its Hamiltonian is . s
g=Pbe + Pyt Pg
2m

where 7 = |r|, 6(z) denotes a (one dimensional) delta function, Ag and a are constants,
and the other symbols have their usual meaning.

(a) Describe the shape of the potential. Argue succinctly that the solutions to the
time-independent Schrodinger equations can be written in the form

Ynem (1,0, 9) = RBne(r)Y"(0,9)

where R, and Y;™ have their usual meaning. What is the significance of the parameters
m and £7

(b) The Laplacian in spherical polar co-ordinates can be expressed in the form

— Xod(r—a) ,

o
Adn2ae AT hZ T2

Write down the radial Schrodinger equation for the functions Rpe(r).

(c) Assuming that you know the wave function Unem(7, 0, ) in the regions r < a and
r > a, derive “matching conditions” for the wave function and its derivative with respect
tor at r = a.

(d) For a suitably chosen range of Ag there exists a bound state with £ = 0. Show that
its wave function for r < a has the form

V2=

eRT e — KT

1/J<(7‘)= —;-+B :

7‘

where A and B are constants, and relate the parameter k to the bound state energy.
[Hint: you may treat the two terms in 9_(r) separately.| Give an expression for the
radial wave function ¥, (r) in the region 7 > a.

(e) Usip"g‘fthe-matching conditions derived in (c), show that

L A g \ h? 2K
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"ﬂ"i.‘;‘;‘gsg; A:;@i' '_9 -.fﬁxgs;anly..the ratio B/A. What condition fixes the remaining free param-
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8. Rotations of a diatomic molecule such as HCI can be modelled in terms ofha :’lgld
rotor. This consists of two point masses m; and mg at a fixed separation a, that are
allowed to rotate around their common centre of mass. In the frame where the centre

of mass is stationary, the attitude of the molecule is specified by two angles ¢ and ¢.
An appropriate Hamiltonian is

o L2 + L2+ L?
2102

where g is the reduced mass of the two atoms and f,x, I:y and L, are the orbital angular
momentum operators.

(a) What are the rotational energy levels and corresponding eigenfunctions? What are

the degeneracies of the energy levels, and what are the spacings between adjacent levels? 8]

(b) Explain why the pure rotational spectrum of HCI, due to emission or absorption of ,
electric dipole radiation, consists of equally spaced lines. If the spacing is 4.11 x 10=2% J, »
calculate the separation between the atoms in the molecule (use the mass of the isotope .

@I 5

(c) A diatomic molecule is prepared in a state with wave function

Y(0,¢) = \/18_17 (1 + \/§sin03in¢)

Determine the possible outcomes of a measurement of L2, their respective probabilities,
and give the state of the system after the measurement has been made.

Determine the possible outcomes of a measurement of L., their respective probabilities,
and give the state of the system after the measurement has been made. 7]

g

| Youmay use Y9(0,9) = o= , Y2(6,6) = (/i cost , Yi(0,¢) = F\/ & sinfet ]
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9. Consider a one dimensional square potential well

V(z) = Oz <L ’
oo elsewhere

where L is a constant.
(a) What are the energies E, and normalized wave functions ¥ (z) of the energy eigen-
states of a single particle of mass m moving in presence of the potential V(z)?

(b) Consider now two identical spinless particles with mass m moving in presence of the
potential V(z). How are the energy eigenvalues and eigenfunctions expressed in terms

of the ¥n(z) and E, of part (a)? Justify your answer. Give an explicit expression for
the ground state.

(c) We now add a perturbation

(1 — z2)
2L

to the system, where z; and z2 are the coordinates of the two particles and A < 1 is a
constant. Calculate the first order energy shift for the ground state.
Hint: the integral determining the energy shift can be expressed in the form

oV (z1,x2) = —Acos [

L L
/oLd:clf(zl)g(m)/o dxzf(w2)9($2)+/o d:c1h(:c1)g(:z:1)/Odezh(xg)g(m) :

i.e. in terms of products of independent integrals, where f, g and h are arbitrary func-

[LAST PAGE]

(6]

(6]

8]



@ oo R Anotet

,) — g oy o P;‘k— o "*W\‘u)o_ ,2"‘“‘ e ?

— \. \ Bl SEs:. s H\D— --—-LM —~ — A= ‘ T

SR SONE| U MRSUR e - SR _ﬂ,_,_,_,: - '_‘_,L :
——— el euan e'ﬁoﬁua\(w&j __.0& ,--En.:- 75«9&(,"\ [ .2____

1
|
!
r\
\szv
Al
3 r
Fe
r
[
%
\
<Y
,M
\
B3
i
‘\‘,.)
\(\«
(

, Ll g _‘_-.- A BN = _w
Wheve W, = RO, oo (/\2}/,,_ B A . e

e —— e e —

+ ’”’_“ ‘:.-.' Q,ggﬂga[w. _,__Q{———Hx_.m -f_el—yo'\\/a/mz. 01[' H/

- e e —

A _ ) o L.,L, L2 dapy ; | |
. cE TR W P

T
:t G — t w.’.(__(:_n;g:’ ) 1--6._({3);/ (n7+‘L )

o T)W(J\x'&l) 'l-l'kl/o()'v\y-(--l\
T L e

= ' AR R - T e 5
vl sttt | nxs I Ny =2 &;Ao.‘i_-i-_‘i?ev
| L

" | ﬂL £ 1| g —oas T S RN ____2___ =3
| I{’?}/&; 1 01_1’&__,___((\)( ) I’\Y ) _____(_OJ | ) (<, 0)

R —

Pﬂd%i__@e“(?@. o elgenvalee 3 YT S




i
B — —

i 8 \% ﬂi’lh <mr> f-olf giioley D

P

SR rebas iy o.,.,fm,\Aq,_,__o —{)'\" g ( Yos f’/97 2027)

. —
o — —

et

| -~__<qw> & f&rdx <P\X7<Xl(f-7 <alr?
j | -* “““““ | am g3 “J(F"f—)

Bl ?/L 7 <&[x><x14f7 -
00

o =0 e =

! . B J CdX A= e Uakfh r-.—jil‘.cip 20 <o /5>

C 2 AP R
,_-_.'\, a.._ —




o A with elgsmvalwes

| S o) & it e
e Yy | iy = |a|exp (- L ) ol S ol
.y i e B | '

L LN the prohobiity fo—collay for stete [Foy 7o clope

C=lgd = CH-Enn aMﬂ’~LtWa%— . i _ | h
2o SN (0) 57 when & Jmha A meuSurement o The

o S |
chasts iectiones heaee Y1227 — - o eigputatle

L : LBl KO e
Sx . eyt store Ul )Y W (+7—1-7)
= E“ Tj :"“'Ff:.l-;iz '&‘r"\fdluﬂ f 5 __’3 4

- = _ »
= -. — L
Dossible  eswlts uUvre o an C ‘2 ! P
; | =
1 : ~ - . |
' R A S

']
- 4
—

) BT A T M

-
off - B~
N -

I ;
o

4' i

-~
“

™
1
|

:

.

—

~ ,.’;."i." ‘ g‘k"-
¥F

Al o
.~ (ﬁa_,:t_LJ S RSN

» ! !
T2 )]/ i
f N
1
. - e 3

R —

i)~
g
N [
~
\—

j— -
, -l - —
Tl )i N L
<~ e A1
BN ) [o—b
\l I 4 ; ! — "-h‘ Y :'b. <00 SR 12
=TT 53 200 " e

):'.—_ - e e —

1



e . ———

e
- - ———

— L —— - I ——-—_— ——————— p : E

\ S S*z -J-C.S~(~t5~) e

B — s — . Sl G 1 —

0 . <¢c¥>(g<l ‘(ﬁq b(ote‘ al + b;r-‘“t ')( 5145~

g B PR ﬁﬁe(&*be—’) ;
2 - — > -
ER) o L EF (Yl yehe 0 o om W L.
R T e (ST E el v

% Olb w‘f.‘
<_m_,)_ts,_l__¢zu.;7 hawb cosc ) T m L

——— | — —

O _ﬁ\v.:\‘; pa) ':_';A"" .\'\J‘AN‘.W -_—.L-- T k -~ ’ .‘.. Lt W : '."“_ TR LA —;'__ ‘ _ S* '-7 = t (.t ) /
ol s ot sirvi S-1t7=2 651 7




R —

B D i o ' W L aed

e e, I

P -—\f — —J'PbLxl«.zJ(\v.)__?___%;.(XL)_SQV.(X\.) @ 7‘?1(_ [1.37 /.J,;D:_(.JA?_( T’-7 ~>-— e i

i

- et

- e et ct—
—— e

WP e e BRI ”;"““-"“f:-} :
b b ey State »
e R . T

:. F L (Yo te u.t)_c':%,-%LQ ) tgoney @ YT T —
? . 3)e J—-LT(._‘(’U_u.L%.u.,)_QQ_u,)_xpy.%)% & \’,‘—i‘ (12037 t o (hy ) g

B

. \ e T N e
gt ox —‘ff;(.’@_txo_:(eeg.zu_% WYy a) ® L8] 50

e 5 g

—-

£, ,"" ha Ve, Sco Ll L AT .

S — —_— —_— -_—
-




- C—
e e —

e —

p — —————— —— — Wy =
e — — R — S ——— -

:
' o — — —




s 6. (o - Tk L Ny L e

— = le = o : P B - P S »
4 Baa= —F c%n 152008 ) r i Lo _p_d”—
2 g

k | = € , TR
| R= LY GER T e

: inirer— When  plectran TS ex C"‘“ﬂ?‘c‘ 7_(9)_’ B Z O AL A ;,.-.f‘ba .

. Totio o energy s equal o  the. Yutflo ¢ ,\___reclu.ce
: mnssS . ———— - =4
= Mas s o{ Prohr\ ) elecltmn ,  Munon ure_ | .\'\(Me\//dz )R |

i _ o o L

___@ M-r"’ % SRS ) ol =m0 5”" - mp = |e3. 66

— (_5)33_})(osn|=>)____0__ ”IO? o e
}) F{f o8 0]38"3?‘“0"3' o T e e e _ = j
i ‘ (43835 (1976 6) et B ¥ 5

] ) 4.: 9= '..".,
-, 'pr 08 £ 17T 46




-
e

(f‘
R&REL
2R/
- 4
HH)R
)—=




; 9___,_:,: g)\\/u Hhe —lvgﬁf_raﬁoﬁ«\ 94[ é;rﬁ <§\/ oY :
R e o DN _-_,_em__-_c.né.rﬁ 2wt :
e L Cuse 4his _,be.cau\.;&‘_l_l_g S Cen) e i b |
s The ‘)C‘MW____SK%(_. |K_-M‘("_ ‘B I F IS
zsa.,éwml&vl_ ey fJf o rameiig AT iy L
: [ S v - PR f'" i
TR R e S g ’" DS Nge S
N 2 ot ___*(;r.(c,.. el TR [-i:—---f' r <‘)—’

:
el B
===
‘.O'P PO AR
5 'Lz il
{ =t R s

-‘PWPbﬁT‘Qn -
pote-tial|




!
k .
e o

- (r)  The potoionl Y5 On Sﬁ\efc*m.‘* d‘ﬁfa »S«’!ﬁr“ Y
— R e “_f_f'\_'_ = : 2

- 3 a, Tke. LO\F((A(,P an OPQ/(‘(‘A‘(IN* _ .‘./; ad f:i Qo:o-\‘ta.'n.f : (""
ﬁ T T Oer\ *anvt\on of LY @ ]f wen
A - Wrtte the  Solwtion ol RS 9.8) = Routr) e (5. B)

_TSL - o ) WV/@D 9’}9@ gli “C po‘fen-('.‘o\ [ S0S s/)];e/»‘cc'dl v \»

E =1 e ) mmeteie |, T ﬁn&,_wi\\/ .-Q_'xg{/\(ow- Gntrbetion  of H S
L S
| Lo owe can then =R pplae (Y B 2 )tyb

e 2 e~ el
and  slve o ,__eqM.ﬂo\\f_ sely  degends oA 4o

LI . -
B T
é i
‘ - 3
- - - o
.1 g
- - . o) _
' -
L] 1 p ;
RS ==,
s § -
s B
w,'— -
L" !

| Kcr) ok 771.'.» ﬁ‘ow\ _..f - reapnaa ).

—-——ﬁ.“

-ﬁ\e, 66‘%\’«1% 0#_. A Lﬂa%_~
+he QL&O&%L\A-QM |

LY
E “

\1:\14}\ W{thf.'m \{4 (.9,¢) (Jflenéj: haconontes ) N

A.L
.y A ¢ o Y :

\ ¢=F / —-— "—-__'__(_ *._ — . |

..Il e s - B

’ . - i - \.I~

dr & d ‘;’-' . : | e N L % = ‘( "{-1“3‘2,( (}/
"r ~L ‘:‘i ! “A‘ ' — 4 : - S




—

(S&) & | poeiitiv e s, ction 4' to pwper\Y Crepresent  tha  probe b7

PR

G&ﬂmé—b . \{n4 (=) S e S5 cantinumovs. AT A )

e — e — S —————

::\Afr'- Y'J

G803 (cliR o2 ,_é_‘ﬂ)g )“,_ NoScrafD =B R D

|L




——————————

— — —"

e —e e s g e o ———— e — — e

e R ‘ e e TN 7, BN hoch s 'y - 2 SaDLci O
(S k Adp Por o Jm3og AL=C =2 l(;&:é#l e f("'

A n

o ’ —-é* 5 - Z ] __— By e AL N
- ,ﬁ?(.Q."--f-'FRL)’ER* =0
i .S e A alDT) B PR s R 2 L = o
: s b e e
T e 2 ‘-FR :h tiL - ¥

| v Ly NS T f ¥y 4 2! A . , =
;‘ | 03 (anbe abprbed irto
The. t}‘\‘{njjm‘f('oﬁ Gonstant

SN L ofoome |\ S ;..-=“PL?E‘( i ek TR .

-
e —— vel . w———
ooy "
) ¥ — ,
-, B

N . gty ]
r‘g' * Y‘F‘R—“’:‘ ‘o

. — — . — v : : — - - - :
: - -'-‘.I. ' . ) w
a - P L— pER—— » B - - £ . —_
— N At . .
Y
A‘ -

s 2!+

N




R ST P

| SRR V) .72 = = —e

e

—
e c—
——————————

53
:
- & -

doeint blow we

¢ e i ‘\j\?/n s Pl eo "(‘.‘t>-('

)

——— et

We.  Wwant  boand  State 5o (. mwer O -
£ A\ -~ _Kr ' . -
% o = D e Y
“/}7 Q_Y‘ 3 . ' —

-— S— — -

— c— T ——




Pl

e 67“‘ (A@z’kf‘_(g)’e,,.a@)

. - B— —

*-.__(:L"‘" ) = A 273 C“’k "‘* )ﬁ

™ \‘ T ST N g ™ e
e —
- | /AN % '.( — 4k(~§ S -
&) * ~f'r “; % (6 2 * 15 oty B

BTy = = - - S
4 * 2
- -8
’ ‘_~. S e
T a M~ o f




2 A A D Sfd) k
f = -3 ol o oy R Al
= (o) qysh s X GEacttt TOgE ki
2 Cn PANIZS
AL = > g e 1
. = e —— Uep s s d X —
S tnecgyy le~rels =N S =
| o 250 e %
e o AL : . 3 " |
- Corres ?Ov\cl\\g) ey W;Fu_&qt@nx ‘i.’o E_( ! \11 (2. ¢) L A
r\. pefa i'f."f" R i siorikais | : e t i My D har menics.
- m-‘:_‘—"l"(.‘tl_z"f, 4=, A 3
.' : ' o ‘ , _ - _1&1
. | | X | £
: Dcﬂ&ne/moy S E( S 2 LA e
@« % beatit v . L e = JL - | -

SP CAC L r\(j bz:twu.n . E{,.-u omd Ez; YC,S

_CHOYMIN o) ) AEx-f "E»m——E«c = / (£+ l-—)u..+-7-)-~{(4—1e”.7

z;uo; 3 A
: 286 o5 at ¥ :
A & S \J\ :_-_-_ ﬁ—- (2-‘(‘(. 2. ) -k —k——(—'——\—) :
| L g N }"- = | 1})“; | 4_))& v -
‘\e, Ne,cdmv\ N\\Q- 7%\“ lectric leo& mAw\t‘on,_
Ea— il | — -
i — ' , » fel=

g,__al[w.é ‘krow\.s ;.:t.‘o\(\,& Ve "H’\O&._cl\mv_\&&,__'
+N\<2 .V 51 A€ Q_,[i ‘ , —-b\{ l [ & 7 IR

*nZ—ri

--"'} oy’ S S g LR

;,. ;pg‘\,s \;LQ %\Ss.on_*a[\;l mbf"'?‘f‘«"’\'\ I nes
e norated tronsitons
5 (96 —+ mug - |

'{‘ &n@fg\,_le.v:@(_c g . e

o ‘\‘POW\SQ"H‘.)D ' N Eg__ — = |
l— o AN, 8 i
(4ri-4)] = B o
| /v\/ e =




/
1 5 g ”' s\né 5: N ) “
- ..l C )2 gy k{, (@ /¢ )= ;’%{( L:f‘ 3’”" f;'.;._-___ ¢ ()

——————————— e e—— ol
i R = i

e : TR e o T
.__L— < ' HES —51\’19—6 e —-—~_§_—-S\»196

= J—m—f_ 2, 311.___ PSR- (i1 (FERREEN o

|
RN UET
|
|
|
i

; I
s e )

.
Y ~

e — el
———

g —— . e A — SR S -

. TS ’Y +(——~)‘f,' —H-) ‘f“’ A AR

-

.——.-‘  —

-“:L»- B . . o @r'
s ’j AN e T A it L Y R p Pimid % e

"L J- — Gt wDL % R memld-ead
R e oy g o




TLSE-«—Q—-.'-’L ._.-{- Jt—%) ) ‘{l—-———b—\[/ R e e
L AR R £ R v : - pv—— ERGSS N oS -1
i ¥ \.)O()J-*_.— ,“_ 2y 4.()‘1_"5___ e e e ISR SIS
—_ L N0 ¢! | B N} L)Y - otherwASe. e - ———
A w‘\.&\ =
ol i = 7 f Plyeiilpout )il . G Vol @ S~ (o
M 15 _ = :
Lo nB il 200 ) GealEole ) gl ek o=(al) pep € O lUb oo
e W howe nfinite 195,9_@_1‘._-‘._;.._ gnerqgy w)\em 2R
p:&f‘_‘;‘fimﬂ- scno— i i tk o I A bl s X c0 4, X2t ———

e 0T e T =
. Dl 1 | 2 P N Ea Y
e e W R
ch;_- -l )‘40 % R I~ r £ gt
HJ\ ()(L).~ o }<—' —7__'&_@ =0 1

il @mTP@JJ.hm | g




e T

- . Leg.d 2 k= ,%"’_f __:_/ ‘(‘Lﬁw_-,i,

e —————————— — R — — e — o - __ - —— T

IR
———————————————————

S E— P Ty PR

T TS Gl o O A5 (o

: 4Udzo S psia (kk)=o 5 |cL=nT Cazigey3. )

_— ! ., _.' =11 '___:_.’_._,,’, ‘ AN (e — -; e 3 - £ _‘_.“ b 1 z d | ZME f _ e N
s W N o e alntiies K — 91 ~7 h_._,ﬁ T —— —) i

— I - e e e m—

pactisles i Oaly  Sputlul  wuvefuncton

. 'i ] ' : & \ v ~ : - ks -‘.
Derteles oo Dﬁrz‘Q_-;._‘_a?.SQi\. N AN N P
Wy Aayoat N N J M — -
¢




\ ) o A 14 '. & i Pe & W=
ol G kol 2 ol L A ZEERRY
: i g X O
- N L. — E - 7’ t (h 2-.‘. h l)
i Eﬂ\ln; el tm :'k A% . ,I.M’_:_ =
/——'-/-—\-' s
; ee> & T (X = X2 B
‘Pe oo (s A = = AR eem———
— £ ’ A~ | > '_- A2 A - ZL B
u | - —

_‘Lx_(_gixub eV 5?<X~;X1lofv e

XJX;_ (p_u_;(.,x:? J\/ 4:(,)Xz. l/l>

(Lt A SEN >_l-.<5\/ P 40

fi
"‘}JL\

A
..
\ AR )
— 2
- ._-"“0!' .' .
R N
- . ~

_I_J_n G, U” 20 )5in* (T2 ) Cos @ /

T

‘:-T——

-—-% Sm(ﬂ"‘)Loosg )3 (TZ‘)-(-.;,A(,.J)SU\E:‘)

| | -“.‘.'-'z = Z(WXZ}@J (‘n'/(z.) | =

J&E, -
L'——._——Z-Xi

s w——-x&na“ ,J




= : X il BEEE R TR e g
j dx Sm—( % CﬁS e T S 3eax)-Cos )

0

’ e

— — et —
- —

] = '-h-“ ) S'h(Lx)sz\ch) C°.H-X) TR R 3

.v—-...“ t———————.

2 AR N R Y Zb- i
._n? Smclx)(. J (sincx. +5mm) o/)x

L) I Jd

‘l«-/« — -
» Sha mx).,smm_j St (2X )_c.,. {5

- - e e, -—

T/z &

¥ gy ',"

% (050¥X) 60515() + sex) — o) dx

w—Qh = ew U

— ’ LS - B Ly e el B S L DR | —~
N .' fri! A ‘ i \ 7’/4 ) ' ///<
= e ¥ POV VKT AT e g | ==\ S}’() B ‘3‘. SASED ]

0

— T . -
e
- e o
: |
: e = ) L3 2




| T 5
S dX\ S\ 1(-(—)(' ) S)r\ CL ) :”—%:Z'L JX”“ S:nZCLx) S,n X D

2[_ ‘U'/1_““' S e -

c—— — — ——

B T' s e =S P (AX D= Sha X e
T” Nl R N gty | b et & > SN 3

L i e A A . e

RO IT, _% 16 £ g J? S"““’""-?-—2-_-—-~-(~(,.o-s-(—,xw)—--@5(,,3.x-)_.)_-, i e illoec i B0 2

: R R R \ e S e R

7 Bl T J; 4" 5"\0—"‘) (?be) P I (LU BRI o) §1CE3 ) e e i )

Jx _Smcx)/smox) e nl(X) ;f 5ch’X)) ey

|
|

B TN P (LA =
1 1
|
l




2. pretac <tciken

~\

TV
L Y P
= AR Sou sl LESDL

llﬂ‘?—m)é :. il -f-hl"?‘




e ) r‘-;-:(lﬂ ) '°‘%""‘*“?’5 if:

Sx (2 Y7 5,4‘ *—% C'@’ [+, x> '('[-j/_;?j @ i

o b S
= ‘ + —E C l'('fxv - (=X D)
e a— .L-?' y la"’b’z = ’Q@fj)










55 | h'{mlt Mﬁ /%yun,\) .
i > = {(1F) %" /‘?,‘«m’z

e — —
e S ____LrL” DVRAr) ~ ] Ir-a) R













