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SECOND PUBLIC EXAMINATION

Honour School of Physics Part A: 3 and 4 Year Courses

A2: ELECTROMAGNETISM AND OPTICS

TRINITY TERM 2011

Saturday, 25 June, 9.30 am — 12.30 pm

Answer all of Section A and three questions from Section B.

For Section A start the answer to each question on a fresh page.
For Section B start the answer to each question in a fresh book.

' 7_' =

PR A YT A , : - . ‘
e T —,'(_,_.,A,_,,_hs_t-,of physical constants and conversion factors accompanies this paper.
) :. -gz‘l o

—'-' . I

v’f‘fz e M i bers in the margin indicate the weight that the Ezaminers expect to
assign to each part of the question.

{3 ‘ " :‘.:

‘P_

Do NOT turn over until told that you may do so.



1. Given an electric field in vacuum:

B =2 (00 z”a)<

; \‘ \/ 1]
@/ P ® t‘ > /-g/\\UL
use Maxwell’s equations to determine B(¢,r) which satisfies tif€ boundary condition 6]
|IB| — 0 when t — 0.

2. Use Maxwell’s equations to show that

oU “
E—— . =—'.E
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where S = %E x B is the Poynting vector and U = LE*+ 2_1;5B2' Explain the meaning
of this equation.

[You may use the identity V- (ExB)=B:(V xE)—E-(V x B).] 8]

Rt 3. Find the eigenvalues and eigenvectors of the matrix

i —

O W =
S W BN
_— 0 O

Find a transformation matrix S such that S~1US = A where A is the diagonal matrix
made up of the eigenvalues of U. (7]
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./ An electromagnetic wave is incident on a surface which absorbs all the electric
Vlaxwell’s equations to determine the magnetic field on the other side of the

Al

rrow and fji”;'i slits are separated by a distance d and
wave of wavelength A\. Derive the amplitude A and

s 4‘.:‘ .

iterference pattern in a plane parallel to the slits a long
iction of the angle 6 under which the observation
' 1 the slits. State carefully any

1d sketch the o) 1etry ‘JJ[ Ll{LL ~¢p;'0blem. [5]

g
s a phase ¢, relative to the phase that the
rvation plane, in the absence of the slits.
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6. A thin lens of focal length f is used to collimate the light emerging from two
different optical fibres.
When used with a first fibre of small core diameter and numerical aperture NA
it achieves a diffraction limited divergence angle 8; for the collimated beam. Find the
separation u between the lens and the fibre that provides best collimation. Find ¢; and
the diameter D of the collimated beam immediately behind the lens. [5]

When used with a second fibre of a large core diameter do but the same numerical
aperture, the beam diverges much faster than than it did using the first fibre. Calculate

this larger divergence angle 5 as a function of f and da. 3]
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Section B
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7. Consider three concentric spherical conductors with radii 7 = a, b and ¢, wher

a < b < c¢. Under what conditions can the electric field, E,.for th;; Cgﬂggu\r;g:: al;:
constructed from a potential ® that satisfies Laplace’s equation, Nt (4]

the boundary conditions for E?
Assuming spherical symmetry, show that d takes the form

B
P =FAGH = (4]

[Hint: the Laplacian in spherical polar coordinates takes the form

2
5 _13(2_3_1_3‘_) 1 3(. _3_1_“_) Lo @A |
Vs 2or ' or +r23m¢0¢ Smd)ad) +rzsin2¢ 06? ]

The potentials of the three shells are held at values ® =0 (at 7 = a), @ = Po (at
r=b) and ® = 0 (at r = ¢). Find the solution to & for all r and plot the amplitude of -

E as a function of r.

Find the charge density on the conductors of radius @ and b. Calculate the total
electrostatic energy of the system contained between a and c. [5]
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8. A plane electromagnetic wave has the form

B = Eoei(k-r—wt) : B = Boei(k-r—wt)

for constant vectors Eg, Bg, a positive angular frequency w and a wave-vector k. Using
the vacuum Maxwell equations, prove that

k°Eo=0, k°B0=0, wB0=kXEo

and show that w = |k|c where c is the speed of light. What are the boundary conditions
on E and B on a surface with surface charge density o and surface current density s? 6]

Consider a plane electromagnetic wave propagating through z < 0 onto the surface
of a perfect conductor which is placed at ¢ > 0. Use the forms of the electric and
magnetic fields given above to find an expression for B in terms of Ey = |Eq| when both
k and Eq are orthogonal to the z direction and assume k = k(cos @,sin#, 0). (4]

| o The reflection of the incident wave at £ = 0 produces a reflected wave with electric

field .
E = EO, ei(k' ‘r—wt)

where k/ = k(— cosf,sin§,0). Use the boundary conditions at z = 0 to show that

Eo’ = —FEy(sinf, cos6,0) . (5]

| " Show that the electric charge density on the surface of z = 0 takes the form

‘ :S ‘;'.*-I_ I- }' I"‘,“—' s ERTk
-h ,’ \ ‘: .-L | -

5 b l'f

de «.,\.ma;’r@',u ,;4:3“ md the magnetic field of the reflected wave and the surface current
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as a fixed and known optical
normally to its mirrors with
linearly with time ? from

9. A Michelson interferometer with parallel mirrors h

path length difference (OPD) of Lo. It is illuminated
monochromatic plane waves. The frequency of the light varies

((V) = %"") to ((V) aF %1’-) as t varies from 0 to 1L,

Show that the intensity I(v) at the output of the int
I(v) = Ip(1+ cos(®p)). Find expressions for the interference p
change of this phase A®¢ = ®o(T) — $o(0).

erferometer has the form
hase ®o and for the total

A second Michelson interferometer with unknown and fixed OPD (L) 18 illumi-
of phase of both interferometers

Tlated simultaneously with the same light. The change
is measured with the same relative error € = %gﬂ = ?;4, where ocA®, and oA®, areé
the measurement errors of A®p and AP respectiovely. 1
; thBi' con81der1.ng the total phase changes in both interferometers, find an expression
or the length ratio (L;) /Lo that is independent of (v) and Av. How big is the error
0(Ly)/Lo Of (L1) /Lo which arises from the errors of the total phase changes?

Assume now that, during the time of the illumination, the second interferometer

changes its OPD. Its longer arm changes length, linearly with time, by a small amount
0< ALy << (L), so that the OPD changes from ((Ll) Aé‘i) to ((L1) | ALl). Find
‘ a;l eprr?ﬁsmn for A.<I> . in this case. Without correcting for such drifts, a meZsurement
of (L) incurs a drift error o, that is proportional to ALj. Find the constant of this

- proportionality.

.

gl 'H‘ '*.II"I';OI" 1

L ‘,}*bge; zo ((:iorre(clzt. the above drift error, a block of material with refractive index
an\e), can#‘mg iroduce into the short arm of the second interferometer. Li

total geometric path of Ly thr i oo et
,_ifﬁnp h of Ly through this block. Assuming that n(v) has the form n(v) =
nv) + av, nd n(0) - N
1; 18 673@:{& the start of illumination), such that a measurement of the
d interferometer’s O ._ D, (L1) becomes unaffected by long arm drift.

[5]
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10. How can a uni-axial, birefringent crystal be used to create a retardation plate
which retards the phase of one of two perpendicular polarisation directions of a beam

of light by a relative phase shift (retardance) A¢?

With the use of a diagram explain how such a crystal can be used as a polarising

beam splitter (PBS) which transmits a beam of one linear polarisation direction but
reflects a beam of the perpendicular polarisation direction. Indicate the orientation of

the optic axis in your diagram.

PBS2 BS Poll
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gas cell Ret2
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U Det2

Ret= Retarder PBS = Polarising Beam Splitter Det = Detector
- | M =Mirror BS = Beam Splitter Pol = Polaroid
N O] = vertically polarised € = horizontally polarised

--‘l‘
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s <« = poth polaristion directions present

ool IsE

- -

Ly
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The figure above s ""wg_.;a-two beam interferometer that can be used to monitor changes
f refractive index a It is illuminated with monochromatic light of wavelength
The light is linearly, horizontally polarised. The two polarising beam splitters (PBS)
ical polarisation and p horizontal polarisation.
uld retarder-1 IJ«QJW red (retardance and orientation of optic axis) to
of equal intensity in the i‘ ;interferometer arms”?

”~ « . ’._ ‘ p :é\: . .
» orientation of ggzgj,k;?f&.ﬁ;;ﬁ. which polaroid-1 should pass so that
Al OPUIIL ulll % 10{1(015“1]}\{;{3}' %_j - tgrference pa.ttern.
' AN

d also observe an optimally modulated interference pattern. De-
of retarder-2 and polariser-2 that will produce an optimally
| in which the phase difference of light from the two arms
1*(7r 4 . 1 : s S Pits ,n"_~.,~,..:,g«..<;“|"‘.'

ifference observed on detector-1 by d¢.

A By 8 o : 15, 1y : ‘p ) .l-,."/',‘.’ Aot B el }‘:‘:‘_ g ) ~t
Se difrerence @i o1 tne 3.h~".ﬁ-.‘{:—'ﬂjﬁ?ﬁgig, ; attem on detector-
of the two intensities I; and Is. Why 1S
, 4 VA AN - Rabdh O W APy & WA P - S
f ) bl e { o R :l oy ,".‘..__A ";l'- '\' ? -
5 of refractive index in the gas? Find an
T IT S
> intensities over many interference

[4]
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