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SECOND PUBLIC EXAMINATION

Honour School of Physics part A: 3 and 4 Year Courses

A2: ELECTROMAGNETISM AND OPTICS

TRINITY TERM 2015

Saturday, 20 June, 9 30 am - 12 30 pm b i i

Answer all of Section A and, three questzons f TOM Sectzon B.

For Section A start the answer to each question on a fresh page
For Section B start-the answer to each question: in a fresh book.
A list of physical constants and com)erswn factors accompames thzs papér’."‘ I}

The numbers in the margin mdzcate the wezght that the Erxaminers ezpect to
assign to each part of the questzon ‘ BN L ‘ i

Do NOT turn over until told that you may do so.
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Section A

1. Derive the conditions that relate the B arid H fields in two 1ine‘ar, isotropic, ho-
moéeneous magnetic media of relative permeabilities y1 and p2, separated by a common

boundary. o , b g % o o, Lo o :
Define the magnetic susceptibility and magnetization density, and briefly discuss the

distinction between paramagnetic and ferromagnetic materials.

L)

2.‘ Write down the Lorentz tranéformations for an electric field E it and magnetic
field B, connecting a stationary frame and one moving at velocity v perpendlcular to
both E; and B;. Show that E; ‘B 1% invariant in these two‘ framgs; ‘

[You may assume (a x b) - (c x‘d)l": (a-c)(b-d) — (bc)(a d) |

3. Starting from Maxwell’s equations for an isotropic condﬂéting medium with no
free charges, show that the current density J satisfies the equation

sk 0
2 7. sk i
Ji= ——
v e
provided the conductivity ¢ is sufﬁcientlj’r‘f‘ldrge, where ,u; is the relative permeability
and uo the permeability of vacuum; ; i

By considering plane wave solutions propagéting in the z-direction of the form

Jy=Joexp[j(wt — kz)] ,

where Jj is a constant and w and k have their usual meaning, show that the ampliﬁude
of J decays exponentially with z with a ‘skin depth’ :

b Py 5= 2  i,
' : VU‘{)NOHr

4. Two plane polarized beams of light of equal intensity with polarizations that are
mutually orthogonal are produced from s, gas discharge lamp emitting nearly monochro-
matically at mean wavenumber v and with bandwidth Av using a polarizing beamsplit-
ter. Suggest how these two beams may be combined to produce

(@) a circularly polarized beam (of either parity),‘
(b) an unpolarized beam. A

In ea}ch case state what additiona) optical components might be needed to obtalnail;:
required result. Indicate how the intensity of the resulting beam in each case comp
With that of the original beams?
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5. Explain with the aid of a ray diagram the operation of a simple astronomical tele-
scope and obtain an expression for its angular magnification. What limits the angular
resolution of such an instrument? ‘

An astronomer wishes to design a telescope that can separately image a star and a planet
orbiting the star. The star lies 20 parsecs from the Sun and the planet is orbiting at
a distance of 10 AU from its star. Estimate the minimum size of telescope that can
obtain separate images of the planet and star. What other factors should be allowed

for in designing such observations?

6. Electromagnetic waves of wavelength A in air are incident normally onto a glass
surface of refractive index np, covered by a thin coating of a transparent dielectric
material of refractive index ng and thickness A/(4nz2). Determine the value of ng in
terms of n; that reduces the reflected intensity to zero. Such an arrangement is used
in ‘non-reflective’ coatings for spectacles. Suggest reasons for why such coatings might
not be completely effective. ‘ ‘

iy

Section B

o)

7. A dielectric sphere of radius ro and ‘rélative permittivity € in air (with € i‘\i')
is placed in a uniform, vertical electric field Eg. Show that the electric potential must
satisfy Laplace’s equation and that the potentials ‘

¢1 = —Arrcosf (r.< 7o)

and ‘ Vg
¢2‘—_——A2rcosﬁ+—rgcos() (r > ro)

represent the electric field inside and outside the sphere, respectively, where r is the
radial distance measured from the centre of the sphere, 0 is an angle measured from the
direction of Eg, and A;, Az and A3 are constants. '

Determine the constants Aj, A2 and As in terms of Ep = |Ep| and €, and hence
obtain ‘an expression for the electric field inside the sphere and the polarization P.

Raindrops may be idealized as spheres of water (for which € ~ 80). Estimate by
how much an ambient electric field may be locally enhanced near high voltage gridlines
when it rains. Hence or otherwise, estimate the maximum force between two raindrops

of radius 1 mm, whose centres are separated by 5 mm in an ambient electric field of
1 kV m-l, L | I R 7% (Z ! ‘
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8. Give a brief outline of the derivation of the telegraph equations below for & logs-less

transmission line:

\%4
ov._ gor, O  adV.
Ox ot ' Oz ot

where L and C are respectively the inductance and capacitance per unit length,l Obt:;ln
expressions for the characteristic impedance and propagation speed of viaves B0nE e
line.

An air-filled coaxial transmission line has an inner radius a and an outer radius
b. Given that the inductance per unit length is

L= 2%% In(b/a) ,

where ug is the permeability of vacuum, show that the characteristic impedance of the

line is

1/2
Zo = 2i- (H—Q> In (2> y
™ \ €0 a

where € is the permittivity of vacuum. Hence determine the ratio b/a for a 50 €2
air-filled coaxial line.

Sketch the electric and magnetic fields associated with an electromagnetic wave
propagating inside a coaxial transmission line and obtain an expression for the Poynting
vector S = E x H inside the line in terms of the rms voltage Vims. Verify that the total
power P = V2 ./Zy transmitted down an infinite, loss-less coaxial line is equal to the
time-averaged integral of S over its cross-sectional area.

Given that the breakdown electric field for air is 3 MV m™!, estimate the maxi-
mum continuous power that can be transmitted without arcing down a 50 Q air-filled
coaxial line of outer radius 1 cm. :

A10430W1 ' 4
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9. Define the Fraunhofer approximation and state the conditions under which it is
valid in terms of aperture size D and distance r separating object and observer.

A linear array of 10 radio antennae is set up as a radio telescope to view the
sky at a wavelength of A = 21 cm. Each antenna receives radiation uniformly from all
directions towards the sky. Adjacent antennae are a distance d apart and feed signals
to the same receiver via a mixer and identical cables of equal length.

Using the Fraunhofer approximation, obtain an expression for the angular distri-
bution of the intensity, I(#), received from a distant source of radiation whose line of
sight is perpendicular to the array, where 6 is an angle measured with respect to the
normal to the array from its centre.

The array is designed to receive radiation via a single primary maximum in I(6)
with no first- or higher-order maximum present, such that the main reception beam is
as narrow as possible. Suggest with reasons a suitable value for d to achieve this and
make a labelled sketch of the reception pattern I(6). Calculate the angular width of
the resulting pattern (between the first zeroes of intensity on either side of the principal
maximum of intensity). How could the principal direction of reception be changed
without moving the array?

Discuss how the reception pattern of the array would change if each antenna were
fitted with reflectors that effectively turned each element into an aperture of width
b(< d) that receives radiation at uniform amplitude and phase across its width. Ob-
tain an expression for I(f) in this case and hence suggest a value of b with d = 1 m
that would give a narrow main beam but with no\\ﬁrst order beam. Determine the
angular width of the resulting beam and suggest ways in which the design of the array
could be improved to obtain much higher angular resolution without introducing strong

secondary sidelobes. / ,

\
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10. Sketch the componénts of a Michelson interferometer, explainir:lg thet }I:urios;cj
each. Show that the intensity I at the centre of the field (?f view depends on the phy
mirror separation z (so that the optical path difference 1s 2z) as

I(z) = I [1 + cos(4nDz)] ,

where I is the rms intensity, 7 = 1/ and X is the wavelength. Hence or otherwise,

explain how the Michelson interferometer can be used as a Fourier-transform spectrom-
eter.

The visibility V' of a fringe pattern is defined to be

Pl Imax =7 Imin
Imax - Imin

)

where I,y is the light intensity at a bright fringe and Iminvthe intensity at an adjacent
dark fringe. A Michelson interferometer is illuminated by a source emitting light with

equal intensity at two wave numbers 75 and 7g + 6v. Obtain an expression for the
visibility as a function of the mirror separation .

1.2 [ e R s e TT T T R T wrre T Lol ettt ™
/:+ 1

1.0 e i E 4]
ﬁ:%:' 5y MW 4

o +\_¢$’ﬁ_ 7 J

i %, ]

0.8 Ry #

L it ]

> r '*-Lfg#‘*j+ ]
B m} ]
5 0.6 e =l
w r .

] .~ e

> T\—‘N\_/ + 'EP:*_{' :
0.4 M <

- + ks N

i %ﬁ |

0.2 i y f:# i
a0 LT —

_ + %m#w ]

i Lahnir +
00w v vw vy | PR, Lodonay o I S Ly #Eh”‘ﬁfﬁ
0 1 2 3 4 5

X (mm)

An astronomer uses a Michelson interferometer to observe the He line in emis-
sion from a star at a wavelength of 656 nm. The diagram above shows the visibility
curve obtained from these observations. Hence, estimate the temperature of the stellar
photosphere assuming that the Ha line is Doppler broadened.

[You may use [*_ exp(—a’z?) cos(bz +c) dz = 3a@ exp (Z—;’;—) cos(c) , where a, b and ¢

are constants.} iy
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