B2: S =5
ymmetry and Relativity Problem Set 1 University College

Date & Time: 26.10.2016, 14:00 | Location: Univ - 91A | Please return by: 24.10.2016

Spacetime and Lorentz transformation

1. The Lorentz transformation A is defined such that ATgA = ¢ where g is the Minkowski

metric, taken as g = diag(—1,1, 1,1). Show that for any pair of 4-vectors A, B, the scalar
product A- B = AT¢B is Lorentz-invariant.

2. Using a spacetime diagram, or otherwise, prove that

a) the temporal order of two events is the same in all reference frames if

and only if they
are separated by a time-like interval,

b) there exists a reference frame in which two events are simultaneous if and only if
they are separated by a space-like interval.

3. Define proper time. A worldline (not necessarily straight) may be described as a locus of
time-like separated events specified by (ct, z, y, z) in some inertial reference frame. Show

that the increase of proper time 7 along a given worldline is related to reference frame
time t by dt/dr = .

particles have velocities u, v in some reference frame. The Lorentz factor for their
velocity w is given by

w) =2(uh () (1- =5) (1)

is twice, by using each of the following two methods:

he given frame, the worldline of the first particle is X = (ct, ut). Transform to the
frame of the other particle to obtain

t' =yt (1 % u_cg_z) - @

. dt’ /dt and apply the result of the previous question.
e invariant U -V, first showing that it is equal to —c2y(w).

ectrum from a source in the sky is observed to have a periodic fh.xctuation,
ita displayed in figure 1. It is proposed that the source is a binary star
v this could give rise to the data. Extract an estimate for the comp?nent
he line of sight and, assuming the stars have equal mass, estimate
‘them and their mass.

ne mirror moves uniformly with velocity v in thg directior:j(::'iltt:
incident light ray has angular frequency w; and is reflecte
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Figure 1: Spe.ctra of light received from a astronomical object at specific times during an obser-
vation period of a few days.
a) Show that
w;sinb; = w, sin, (3)
where 6;, 6, are the angles of incidence and reflection. :
b) Also show that &
tan(6;/2)  1+v/c
tan(6,/2)  1—-v/c’ )

[Hint: First establish by trigonometric mani i

pulation that cos§ = -3/ +¢
yvherj t T talr)1(9/2), thlen employ this in the Doppler formula relating cos)ﬁ/tf) cos 19)
In order to obtain a relation bet t i i 3
e ween ¢ and ¢;. Then apply this relation to the two

Motion under a given force

1. Twin paradox.
a) Evaluate the acceleration due to gravity at the Earth’s surface in units of light y
ears

b) In the twin paradox, the travelling twin leaves Earth on board 4 spaceship und
going motion at constant proper acceleration of 9.8 m/s? . After 5 e Or; :1 er-
time for the spaceship, the direction of the rockets are reversed so that the sp ase‘s)ﬁfe'
accelerates towards Earth for 10 proper years. The rockets are then reversed a ai,rr: S ,
to allow the spaceship to slow and come to rest on Earth after a further 5 yea,i of o
spaceship proper time. How much does the traveling twin age? How much does the

stay-at-home twin age? . o
2. Constant force. Consider motion under a constant force, for a non-zero initial velocity in
an arbitrary direction, as follows. : . -
a) Write down the solution for p as a function of time, taking as initial condition p(0) =
Po- i f time is given by 72 = | 2
how that the Lorentz factor as a function of ti g Yy Yy + a? where
b) Show tha
e
a=(po+ ft)/m e solution for vasa function of time. Do so. 3

You can now write down th
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ct attention to the case wher

: € Py is perpendicular to f. Taking the x-
long f and the y-direction alo

ng Po, show that the trajectory is given by

= ; (mzc2 +pi + f2t2) il const (5)
% log (ft + \/m'zc2 +p§+ lez) + const (6)

that [ (a® +¢2)™? dt = log (t+ Va2 +12)

fing out the calculation) how the general case can then be
rentz transformation.

a function of proper time is best done another way, see later
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j B‘gzﬁxmmetry and Relativity

Problem Set 2 University College

Date & Tj
me: : .
09.11.2016, 14:00 | Location: Univ - 91A | Please return by: 07.11.2016

A
Energy-momentum conservation

1. Sho if a 4- i
8 w that if a.4 vector has a component which is zero in all frames, then the entire vector
zero. What insight does this offer into energy and momentum?

;\ particle 'of rest mass m and kinetic energy 3m strikes a stationary particle of rest mass
m and sticks to it. Find the rest mass and speed of the composite particle.

From this question on we will use ¢ = 1| throughout - and | would encourage
students to do the same.

Then one has
E—p=m? (1)
and
E=p for m=0. )

B Particle formation

1. a) Pion formation can be achieved by the process p +p — p + p + m . A proton
beam strikes a target containing stationary protons. Calculate the minimum kinetic
energy which must be supplied to an incident proton to allow pions to be formed,
and compare this to the rest energy of a pion.

b)) A photon is incident on a stationary proton. Find, in terms of the rest masses, the
threshold energy of the photon if a neutron and a pion are to emerge.

c) A particle formation experiment creates reactions of the form b+t — b+t +n where
~ bis an incident particle of mass m, t is a target of mass M at rest in the laboratory

frame, and n is a new particle. Define the ‘efficiency’ of the experiment as the ratio
of the rest energy of the new particle to the supplied kinetic energy of the incident
particle. Show that, at threshold, the efficiency thus defined is equal to

M

m+ M +m,/2 )
hotons may collide to produce an electron-positron pair. If one photon has energy
d the other has energy E, find the threshold value of E for this reaction, in terms
\nd the electron rest mass m. High energy photons of galactic origin pass through
imic microwave background radiation which can be regarded as a gas of photons
gy 2.3 x 107* eV. Calculate the threshold energy of the galactic photons for the

on of electron-positron pairs.

decays into two products with known

k| s M and energy E
| known rest mas E, (in the lab frame) of the products,

and my. Find the the energies E ,
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2. Compton scattering,

' . ts in the CM frame.
a) Find the energies £} , E; of the products

b) Show that the momentum of either decay product in the CM frame is \\/

2,,211/2
p=(c/2M) [(mf -+ mf, - M?)? - 4mj m2] (4)

c) Find the Lorentz factor and the speed v of the CM frame relative to the lab,

d) Write down, in terms of v, 7, p, E and E , expressions for E; , E, whe.n the pr.oduc'ts
are emitted (a) along the line of flight and (b) at right angles to the line of flight in

the CM frame.

Obtain the formula for the Compton effect using 4-vectors, starting

from the usual energy-momentum conservation P + P, = P’ + P/,

[Hint: we would like to eliminate the final electron 4-momentum P, , so make this the

subject of the equation and square.]

2. A wave motion has 3 phase ¢ given by (z,y, Zl) = kgt

: wt where
vector and w s 3 constant frequency. Evaluate O¢ and commen 40 g stans
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| B2: Sym vt
.‘ ) j 2& dymmetry and Relativity Problem Set 3 University College

/ Date & Time: 22.11.2016, 17:30 | Location: Univ - 91A | Please return by: 21.11.2016
A Angles in relativistic kinematics

1. In S" a rod parallel to the z'- axis moves in the y/-direction with velocity u. Show that in
S the rod is inclined to the x-axis at an angle — tan™" (yuv/c?).

2. The Pauli-Lubanski spin vector W is a 4-vector related to angular momentum. For a particle
of energy E and momentum p its components are given by <)' '
J s
W=(s:p, (E/c)s) 2 Y| T¢7 (1)

. - . . . . ! ::’A:"
where s is the 3-spin, i.e. the intrinsic angular momentum. | 2

AR
a) Show that this 4-vector is orthogonal to the 4-momentum (W-P = 0) and that in the
limit v — ¢, W is proportional to P [hint: start in the rest frame and apply a boost].

b) For a massive particle, we may define a spin 4-vector s* = W*/mec. In the absence
of an applied torque, the spin 4-vector of an accelerating particle evolves as

ds® s\t
S Y @

here u® is the 4-velocity and the dot signifies d/d7 . Show that the 3-spin evolves

ds 2

==Ll 0)v-(v:)s] ®
ind s(7) for a particle accelerated along a straight line with speed
[1- exp(—21"r)]1/2 , where I is a constant.

B 2 \ L e * "' N J) .:
130 netism gi\NK V\}(S‘\/ ~\JV 5\, 4 vJ e z
i rank tensor change under a Lorentz transformation? By transforming the
interpreting the result, prove that the electromagnetic field transforms as:

Ej =E;, E,=7(EL+vAB),

find the algebra easier if you treat E and B separately. Do you need t?o
natrix elements, or can you argue that you already know the symmetry?]

e the charge at the

d of a uniformly moving charge, as follows. Plac
then transform to

e S' and write down the field in that frame, ‘
or the transformation of the fields (not the force transforrr?auon
nates. Be sure to write your result in terms of coordinates in the
ch the field lines. Prove (from the transform
netic field of a uniformly moving charge is re

ation equations, or
lated to its electric
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isfied if the fi
3. a) Show that two of Maxwell's equations are guaranteed to be satisfied if the fields 5,
: expressed in terms of potentials A, ¢ such that

dA
B=VAA, E=~(E)—V¢ (5)

b) Express the other two of Maxwell’s equations in terms of A and ¢.

1 TR Ol M

¢) Introduce a gauge condition to simplify the equations, and hence express Maxwell’s

equations in terms of 4-vectors, 4-vector operators and Lorentz scalars (a manifestly
covariant form),

(not S) and to let the frame
roliferation of primes in the
andard configuration,

the scal tential i “vector potential is zerq and
Scalar potential js
£ g Ty 3
¢—87rc0a(—r/a) for ' < 4
q
e 47{-607-’ for ' > a

d potentials and radiative emission

n the solution to Poisson’s equation for the case of a point charge q.

ics, how is the electric potential at a pointin space obtained if the charge
nown?

e wave equation

l:]2¢ o el 7)

€0

- here K = 1/47¢) is a
s = kg(t —r/c)/r (w )i
c :la:;::ef::;m?é% if p is zero everywhere except at the origin.

Cl

§




B2: Symmety

y and Relativity Problem Set 3

University College

, if the charge density p is

ge of Poisson’s equation,
w that this is true as long as g(t) = [ p(t)dv .

e) Hence write down the solution to the wave equation for a given arbitrary time-
dependent distribution of charge.

or otherwise, sho

f) Why is this called a retarded solution?

S n-uv/c n/\[(n—v/c)/\a])
E_47l'60l\‘3< 4 ot 5 c?r
n=r/r,n=1—v,/c=1—n-v/c
B=nAE/c

where

(8)

point to the field point, and v, a are the velocity

s along the x axis with co

g given by S

. 9)
- = 1. Find the electric field at t — 0 at points in the plane z = q, as

of “4

T2 — 12 = 2 =

s BN

 field event (t,z,y,2) = (0, @,%.0). Show that the source event is at
\ L5 '

Y54 2 A
e ° y tr
7 = — / 10
(9 C. g a -+ 2% iy ( )
velocity and acceleration at the source event are .
S J= {
2 p) 2 ;s
T2 — a
= — At ot (11)
'Us zs ] § xg xr‘

= 1, and the field point y = 2. Write down the values of z, v, a,.
he field point, the source point, and the location of the charge
field point on the diagram the directions of the vectors n, v,

» by applying the formula above, establish the direction of the
) ol (01 1) 2’ O)‘

. od
vel abreast, undergoing the same motion, but ﬁxedhtof:rzes
s so that their separation is constant, comment on the




B2: Symmetr ivi
e symmetry and Relativity Problem Set 3 University Coll
: ege

d) W ' is i
) coenr,o‘:ld like to sh0\.~ that this is a solution also as r — 0, if the charge density p is
t;\n ra?ed at a point at the origin. Using your knowledge of Poisson’s equation
or otherwise, show that this is true as long as g(t) = [ p(t)dV . ;

e) Hence write down the solution to the wave equation for a given arbitrary time-
dependent distribution of charge.

f) Why is this called a retarded solution?

2. The electromagnetic field of a charge in an arbitrary state of motion is given by

q <n—v/c+n/\[(n-v/c)/\a])

T dmeord \ 42 c*r
where n=r/r, k=1-v/c=1-n-v/c
B=nAE]/c (8)

where 7 is the vector from the source point to the field point, and v, @ are the velocity
and acceleration of the charge at the source event. Without detailed derivation, outline
briefly how this result may be obtained. How is the source event identified? A charged
ticle moves along the x axis with constant proper acceleration (‘hyperbolic motion’), its
Idline being given by a5

Pty SHEE ©)

its where ¢ = 1. Find the electric field at t = 0 at points in the plane z = a, as

: L (f/\’!:L
onsider the field event (¢, 2,9, 2) = (0, a,";/, 0). Show that the source event is at
Pt 2 §
t —C zs=a+g—a Y, (10)

-~

at the velocity and acceleration at the source everlt ar(/\,T 3
s
P e e =— - s 11)
Vs = g g8, 9t oot ¥ (
der the case a = 1,and the field pointy = 2. Write down the values of Zs, Us: @s:
on a diagram the field point, the source point, and the location of the charge
0. Mark at the field point on the diagram the directions of thg vectors rflt:e
\ ). Hence, by applying the formula above, establish the direction ©

"’ (t1 z,Y, Z) o= (01 1,2, 0)
rticles travel abreast, undergoing th.e sam
to the x axis so that their separation is cons

yne another.

d to arod

e motion, but fixe
the forces

tant, comment on
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