Problem sheet 2a

1. To provide a model for a collapsing star, consider the £ = 1 dust FRW
universe

ds? = dT* — a(T)*(dy® + sin? d0?)

where d)? = df? + sin? 0d¢? is the round sphere metric, and the Fried-
mann equations give for dust in terms of cosmological time T’

da\? 87 po
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Show that it is possible to glue the hypersurface ¢ = 1)y to Schwarzschild
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ds? = (1— —m> di? — LZ — 12402
r (1-22)

along a timelike 3-surface (t,7) = (¢(T), R(T)) such that the curves
(0, ») = constant are radial time-like geodesics and the metric is con-
tinuous.

2. Let ‘H be a bifurcate Killing horizon associated to Killing vector k,
and let the surface gravity « be defined by k*V,k, = kk,. Show
that V,kbk, = —2kk,. Use the fact that on H, k, is hypersurface-
orthogonal, i.e., k,Vikg = 0, and Killing to show that

K2 = —1(Vaks) (VED) (146)
Show that if the Killing horizon is bifurcate, then r is constant. [Hint:
K is constant up the generators, so work on the bifurcation surface where

k, = 0. First prove that for any Killing vector V,Vyk. = — Rpeqak®.]
3. Compute the surface gravity for the Reissner-Nordstrom metric

A 2

ds* = dtQ—%drz—TQdQQ, A= (r—r))(r—r_)=r*=2mr+Q?

72
at the horizon r =7, > r_.

[Note that the original coordinates are singular at the horizon, whereas
Eddington-Finkelstein coordinates make the horizon smooth with dv =
dt + TzAdT and /0t is 0/0v in these (v,r,0,¢) coordinates.]
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4. Show that if a Killing vector k® is thought of as a 1-form, k,dx®, then
the 2-form *dk satisfies the identity

d*dk = Rk dz’ . (147)
Assuming Einstein’s equations, deduce that
V=0,  Jo=Tpk®—iTk,, T=T2.

Evaluate the integral of *dk on a sphere of constant r in Reissner-
Nordstrom. Interpret the answer.
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