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SECOND PUBLIC EXAMINATION

Honour School of Physics Part B: 3 and 4 Year Courses

Honour School of Physics and Philosophy Part B

B5: GENERAL RELATIVITY AND COSMOLOGY

TRINITY TERM 2015
Saturday, 20 June, 9.30 am — 11.30 am

| 10 minutes reading time

Answer two questions.

| Start the answer to each question in a fresh book.

l
! f)‘ ) A list of physical constants and conversion factors accompanies this paper-.

The numbers in the margin indicate the weight that the Examiners expect to
assign to each part of the question.

Do NOT turn over until told that you may do so.
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1. Show that if you extremize the action for a test particle § = — [ dA gagi®z?
(where A is the affine parameter and 9ap the metric), you will obtain the correct ex-

pressions for the connection coefficients for a general metric. (4]
Consider the “global rain” metric,
ds? = - (1 v r—S) di2 + 2/ 2cdidr + dr? + r2(d6? + sin? 0dg?) |
r r
where (t,r, 6, ¢) are space-time coordinates and ry is a constant. Show that the non-zero
components of the inverse metric are
= 1 30 N T 1 1
T3y Wy ey AR o P AR 09, =0 | o e
o i eVr 9 ( r)’g 309 r2sin® 0
Using the definition of the connection coefficients (or otherwise), show that the radial
geodesic equation is y i
{ tﬁ .
5
LT (r_s)zr-z e’ (1 J _> (T_s)"’,;-z_ ° (_)t
2rs \ r 2re T T AN
: ;—7\ - ( —T—S-)r92—(l—-r—s)rsin204.32=0.
\ = L { ; T
Ty X [10]
Fuin) 09 L of
Compare what happens to this metric at r = rg with what happens to the
Schwarzschild metric in the usual coordinates. By looking only at light-like radial
geodesics, explain why, if r < rg, photons always fall inwards [hint: show that dr/df <
0]. (6]
Consider a change of coordinates such that = #(r,t) where \&‘li \ \“\
g i
B_E e é \ \‘?" \
ot ’ v
Bew A5 (1- r_s)“ 1
or r r e .
Rewrite the global rain metric in terms of ¢ and 7, and show that it is equivalent to the
Schwarzschild metric. 5]
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2. Consider a conformally flat space-time with metric given in C

artesian coordinates
by

ds® = e%f' Nag dz®*dz?

]

where ¢ is a scalar function of space-time coordinates and 7,4 is the Minkowski metric.
Show that the connection coefficients take the form

1
Mog = =5 1080 8", + Oap 8"y~ 0" 01o]

where o' = ni*¥ §,. [7]
The Ricci tensor is given by
Ruﬂ = aﬂ»ruﬁu & 6ﬂrup,u x5 F“pe F(UB s F#eﬂrtup ’

Assume that ¢/c® < 1, and show that the Einstein tensor takes the form

2
Gaﬁ B~ 6_2 (6/46#90 NaB — aaaﬁ‘f’) . [6]

Rewrite the metric into spherical coordinates, (¢,7,6, ¢), and assuming that ¢ is

a function of r only, show that for an equatorial orbit the geodesic equations for ¢ and
¢ take the form

E5t {4 and e%r2¢3=€,

where f = df/d\ for any function f(A) (X is the affine parameter), and d and ¢ are

integration constants. Write down an expression for the null condition for photons in 8
this metric. [5]

Assume that ¢ = —~GM/r, where M is a constant and r is the distance from the
origin. Show that there is no light deflection around r = 0.

(7]

(Ae” wﬂ
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4. Consider an inflationary universe that undergoes three phases of expansion: an
initial inflationary phase in which the pressure, P, and the density, p, satisfy P = —p¢?
up until the scale factor a = ay, followed by a radiatiop phase in which P = % pc?
up until the scale factor a = ay, followed by a matter phase in which P
the scale factor a = 1. Find an expression for the Hubble rate and deceleration rate,
as a function of the scale factor a, in each of these regimes (neglecting all other non-

dominant components of the energy density). Solve the Friedman-Robertson-Walker
(FRW) equation in each one of the three phases. [7]

= 0 up until

Explain why the expansion rate in such a universe is slower when a < a 1 than in
a universe where there is no initial inflationary phase (i.c. a universe where there is no
period of inflation for a < a; and that has exactly the same expansion rate as a function
of the scale factor for a > a;). [Hint: assume continuity in the Hubble rate at a = a,
for the inflationary universe]. [5]

.7 Assume that the initial scale factor of the universe is a;,. Find an expression for
/ the age of the universe in terms of an integral over the Hubble rate. Taking the limit
@in — 0, show that the inflationary universe must be older than the non-inflationary ‘
universe. [6]

Find an expression for the particle horizon in each one of the phases of the infla-
tionary universe. Comparing the physical size of a length scale of fixed comoving size
with the particle horizon, explain the qualitative difference between what happens for d
a<ajand a > aj. [7]

3(A) = Buag

‘g:‘.\‘. S (T ?’%)
o
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